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Control Objective:     

Find {𝑢𝑖}𝑖∈𝑁 such that 𝑥𝑖 𝑡 converge to 𝑥𝑟 𝑡 without violating the constraints 𝑦𝑖 𝑡 < 𝑘𝑏 𝑡 , i.e.

lim
𝑖→∞
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• (A.1) There exists 𝑢𝑟 𝑡 that satisfy the reference model such that 𝑦𝑟 𝑡 < ε𝑟 𝑡 holds
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𝑒𝑖 0 = 𝑥𝑟 0 − 𝑥𝑖 0 = 𝑥𝑟 𝑇 − 𝑥𝑖−1 𝑇 = 𝑒𝑖−1 𝑇

• (A.3) di ≜ 𝑑 𝑥𝑖 , 𝑡 is locally Lipschitz continuous by a known bounded function φ 𝑥𝑟 , 𝑥𝑖
𝑑 𝒙𝑟 , 𝑡 − 𝑑 𝒙𝑖 , 𝑡 ≤ φ 𝑥𝑟 , 𝑥𝑖 |𝑥𝑟 − 𝑥𝑖|

• (A.4) 𝑑 𝑥𝑖 , 𝑡 and θ𝑖 = θ1,𝑖 , θ2,𝑖 , ⋯ , θ𝑚,𝑖
⊤

are bounded, i.e. θ𝑙,𝑖 𝑠𝑢𝑝
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Assumptions

ሶ𝑥1,𝑟(𝑡) = 𝑥2,𝑟 𝑡

ሶ𝑥2,𝑟 𝑡 = 𝜽 𝑡 ⊤𝝃 𝒙𝑟 𝑡 + 𝑏 𝑢𝑟 𝑡 + 𝑑 𝒙𝑟 , 𝑡

𝑦𝑟(𝑡) = 𝑥1,𝑟(𝑡)

Reference model

ሶ𝑥1,𝑖 = 𝑥2,𝑖 𝑡

ሶ𝑥2,𝑖 𝑡 = 𝜽 𝑡 ⊤𝝃 𝒙𝑖 𝑡 + 𝑏 𝑢𝑖 𝑡 + 𝑑 𝒙𝑖 , 𝑡

𝑦𝑖(𝑡) = 𝑥1,𝑖(𝑡)

Plant

Problem Formulation

6/25



CONTROL LAW

7/25



The University of Melbourne Principle  

𝑢𝑖 =
𝜕𝑉𝑏,𝑖
𝜕𝑒1,𝑖

+ γ𝑒2,𝑖 +
1

𝑏
ሶ𝑥2,𝑟 − ෡𝛉𝑖

⊤ξ𝑖 − ෡𝑑𝑖 + sign 𝑝 𝒆𝑖 𝑏 𝜑𝑖||𝒆𝑖||

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Control Law

Control law

Model-based term Compensation term

8/25



The University of Melbourne Principle  

𝑢𝑖 =
𝜕𝑉𝑏,𝑖
𝜕𝑒1,𝑖

+ γ𝑒2,𝑖 +
1

𝑏
ሶ𝑥2,𝑟 − ෡𝛉𝑖

⊤ξ𝑖 − ෡𝑑𝑖 + sign 𝑝 𝒆𝑖 𝑏 𝜑𝑖||𝒆𝑖||

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Control Law

Control law

Model-based term Compensation term

𝑉𝑏,𝑖 = 𝑘
2ε𝑏

2

π
tan

π𝑒1,𝑖
2

2ε𝑏
2

tan-type BLF

8/25



The University of Melbourne Principle  

𝑢𝑖 =
𝜕𝑉𝑏,𝑖
𝜕𝑒1,𝑖

+ γ𝑒2,𝑖 +
1

𝑏
ሶ𝑥2,𝑟 − ෡𝛉𝑖

⊤ξ𝑖 − ෡𝑑𝑖 + sign 𝑝 𝒆𝑖 𝑏 𝜑𝑖||𝒆𝑖||

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Control Law

Control law

Model-based term Compensation term

𝑒1,𝑖

𝑉𝑏,𝑖

ε𝑏−ε𝑏

𝑉𝑏,𝑖 = 𝑘
2ε𝑏

2

π
tan

π𝑒1,𝑖
2

2ε𝑏
2

tan-type BLF

8/25



The University of Melbourne Principle  

𝑢𝑖 =
𝜕𝑉𝑏,𝑖
𝜕𝑒1,𝑖

+ γ𝑒2,𝑖 +
1

𝑏
ሶ𝑥2,𝑟 − ෡𝛉𝑖

⊤ξ𝑖 − ෡𝑑𝑖 + sign 𝑝 𝒆𝑖 𝑏 𝜑𝑖||𝒆𝑖||

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Control Law

Control law

Model-based term Compensation term

𝑒1,𝑖

𝑉𝑏,𝑖

ε𝑏−ε𝑏

𝑉𝑏,𝑖 = 𝑘
2ε𝑏

2

π
tan

π𝑒1,𝑖
2

2ε𝑏
2

tan-type BLF

safety-critical

0 < ε𝑏 𝑡 < 𝑘𝑏 𝑡 − ε𝑟 𝑡
Select ε𝑏 𝑡 Ensure

𝑒1,𝑖 𝑡 < ε𝑏 𝑡

𝑦𝑖 𝑡 < 𝑦𝑟 𝑡 + 𝑒1,𝑖 𝑡 < ε𝑏 𝑡 + ε𝑟 𝑡 < 𝑘𝑏 𝑡

guarantee

A.1

How to satisfy 𝑦𝑖 𝑡 < 𝑘𝑏 𝑡 ?
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Control Law
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Sketch of Stability Analysis

Theorem

For system that meets Assumptions A.1-A.4, the control law and the adaptive learning laws guarantee that

1. lim
i→∞

||𝒆𝒊 𝑡 || = 0, ∀𝑡 ∈ 0, 𝑇

2. 𝑒1,𝑖 0 < ε𝑏(0), then 𝑒1,𝑖 𝑡 < ε𝑏 𝑡  ∀𝑡 ∈ 0, 𝑇 , 𝑖 = 1,2,⋯
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⊤
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Sketch of Stability Analysis
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Sketch of Stability Analysis

Part I: Difference of BCEF

Δ𝐸𝑖 𝑇 = 𝐸𝑖 𝑇 − 𝐸𝑖−1 𝑇 = Δ𝑉1,𝑖 𝑇 + Δ𝑉2,𝑖 𝑇 + Δ𝑉3,𝑖 𝑇

θ − ෠θ𝑖−1
⊤
θ − ෠θ𝑖−1 ≥ θ − 𝒫θ ෠θ𝑖−1

⊤
θ − 𝒫θ ෠θ𝑖−1

𝑑𝑟 − 𝑑𝑖−1
2 ≥ 𝑑𝑟 −𝒫𝑑 መ𝑑𝑖−1

2
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2

𝑝 𝑒𝑖 𝑏 𝑑𝑟 − 𝑑𝑖
≤ 𝑝 𝑒𝑖 𝑏 𝑑 𝑥𝑟 , 𝑡 − 𝑑 𝑥𝑖 , 𝑡

Δ𝑉1,𝑖 𝑇 ≤ −න
0

𝑇

α𝑒𝑖
⊤𝑒𝑖 𝑑τ − න

0

𝑇

𝑝 𝑒𝑖 θ − ෠θ𝑖
⊤
ξ𝑑τ − න

0

𝑇

𝑝 𝑒𝑖 𝑏 𝑑𝑖 − መ𝑑𝑖 𝑑τ − න
0

𝑇

𝑝 𝑒𝑖 𝑏 φ𝑖 |𝑒𝑖|𝑑τ

Δ𝑉2,𝑖 𝑇 ≤ න
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𝑇

𝑝 𝑒𝑖 θ − ෠θ𝑖
⊤
ξ𝑖 𝑑τ

Δ𝑉3,𝑖 𝑇 ≤ න
0

𝑇

𝑝 𝑒𝑖 𝑏 𝑑𝑟 − ෡𝑑𝑖 𝑑 τ
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0

𝑇

𝑝 𝑒𝑖 𝑏 φ𝑖 |𝑒𝑖|𝑑τ

Δ𝑉2,𝑖 𝑇 ≤ න
0

𝑇

𝑝 𝑒𝑖 θ − ෠θ𝑖
⊤
ξ𝑖 𝑑τ

Δ𝑉3,𝑖 𝑇 ≤ න
0

𝑇

𝑝 𝑒𝑖 𝑏 𝑑𝑟 − ෡𝑑𝑖 𝑑 τ
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Sketch of Stability Analysis

Part II: Boundedness of 𝐸1 𝑡 and Finiteness of 𝐸𝑖 𝑡

ሶ𝐸𝑖 𝑡 = ሶ𝑉1,𝑖 + ሶ𝑉2,𝑖 + ሶ𝑉3,𝑖
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Sketch of Stability Analysis

Part II: Boundedness of 𝐸1 𝑡 and Finiteness of 𝐸𝑖 𝑡

ሶ𝐸𝑖 𝑡 = ሶ𝑉1,𝑖 + ሶ𝑉2,𝑖 + ሶ𝑉3,𝑖

For iteration 𝑖 = 1
• ሶ𝑉1,1 ≤ −α𝑒1

⊤𝑒1 − 𝑝 𝑒1 θ + 𝑝 𝑒1 ξ1
⊤ξ1 − 𝑝 𝑒1 𝑏 𝑑1 + 𝑝 𝑒1 𝑏 −

𝑝 𝑒1 𝑏 φ1||𝑒1||

• ሶ𝑉2,1 ≤
1

2ρ
|θ|2 +

ρ

2
𝑝 𝑒1

2|ξ1|
2 + 𝑝 𝑒1 ξ1θ

• ሶ𝑉3,1 ≤
1

2β
𝑑𝑟
2 +

β

2
𝑝 𝑒1

2𝑏2 + 𝑝 𝑒1 𝑏𝑑𝑟

ሶ𝐸1 𝑡 ≤ −α𝑒1
⊤𝑒1 +

1

2ρ
|θ|2 +

1

2β
𝑑𝑟
2 −

ρ

2
𝑝 𝑒1

2|ξ1|
2 −

β

2
𝑝 𝑒1

2𝑏2 < ∞
finite

14/25



The University of Melbourne Principle  

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Sketch of Stability Analysis

Part II: Boundedness of 𝐸1 𝑡 and Finiteness of 𝐸𝑖 𝑡
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For iteration 𝑖 = 1
• ሶ𝑉1,1 ≤ −α𝑒1

⊤𝑒1 − 𝑝 𝑒1 θ + 𝑝 𝑒1 ξ1
⊤ξ1 − 𝑝 𝑒1 𝑏 𝑑1 + 𝑝 𝑒1 𝑏

− 𝑝 𝑒1 𝑏 φ1||𝑒1||

• ሶ𝑉2,1 ≤
1

2ρ
|θ|2 +

ρ

2
𝑝 𝑒1

2|ξ1|
2 + 𝑝 𝑒1 ξ1θ

• ሶ𝑉3,1 ≤
1

2β
𝑑𝑟
2 +
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𝑝 𝑒1
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ሶ𝐸1 𝑡 ≤ −α𝑒1
⊤𝑒1 +

1

2ρ
|θ|2 +

1

2β
𝑑𝑟
2 −

ρ

2
𝑝 𝑒1

2|ξ1|
2 −

β

2
𝑝 𝑒1

2𝑏2 < ∞
finite

For iteration 𝑖 > 1

• ሶ𝑉1,𝑖 ≤ −𝛼𝒆𝑖
⊤𝒆𝑖 − 𝑝 𝒆𝑖 𝜽 − ෡𝜽𝑖

⊤
𝝃𝑖 − 𝑝 𝑒𝑖 𝑏 𝑑𝑖 − መ𝑑𝑖 − 𝑝 𝑒𝑖 𝑏 φ𝑖||𝑒𝑖||

• ሶ𝑉2,𝑖 =
1

2ρ
||θ||2 − 2θ⊤𝒫θ ෠θ𝑖−1 + ||𝒫θ ෠θ𝑖−1 ||2 + 𝑝 𝑒𝑖 ൣ

൧

θ −

𝒫θ ෠θ𝑖−1 − 𝑝 𝑒𝑖 ξ𝑖
⊤
ξ𝑖 −

ρ

2
𝑝 𝑒𝑖

2||ξ𝑖||
2

• ሶ𝑉3,𝑖 =
1

2β
ቂ

ቃ

𝑑𝑟
2 − 2𝑑𝑟𝒫 መ𝑑𝑖−1 + 𝒫 መ𝑑𝑖−1

2
+ 2β𝑝 𝑒𝑖 𝑏𝑑𝑟 −

2β𝑝 𝑒𝑖 𝑏𝒫 መ𝑑𝑖−1 + β2𝑝 𝑒𝑖
2𝑏2

Finite term 𝐶1

ሶ𝐸𝑖 𝑡 ≤
𝐶1
2ρ

+
𝐶2
2β

< ∞
Finite term 𝐶2

14/25



The University of Melbourne Principle  

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan

Sketch of Stability Analysis

Part II: Boundedness of 𝐸1 𝑡 and Finiteness of 𝐸𝑖 𝑡

ሶ𝐸𝑖 𝑡 = ሶ𝑉1,𝑖 + ሶ𝑉2,𝑖 + ሶ𝑉3,𝑖

For iteration 𝑖 = 1
• ሶ𝑉1,1 ≤ −α𝑒1

⊤𝑒1 − 𝑝 𝑒1 θ + 𝑝 𝑒1 ξ1
⊤ξ1 − 𝑝 𝑒1 𝑏 𝑑1 + 𝑝 𝑒1 𝑏 −

𝑝 𝑒1 𝑏 φ1||𝑒1||

• ሶ𝑉2,1 ≤
1

2ρ
|θ|2 +

ρ

2
𝑝 𝑒1

2|ξ1|
2 + 𝑝 𝑒1 ξ1θ

• ሶ𝑉3,1 ≤
1

2β
𝑑𝑟
2 +

β

2
𝑝 𝑒1

2𝑏2 + 𝑝 𝑒1 𝑏𝑑𝑟

ሶ𝐸1 𝑡 ≤ −α𝑒1
⊤𝑒1 +

1

2ρ
|θ|2 +

1

2β
𝑑𝑟
2 −

ρ

2
𝑝 𝑒1

2|ξ1|
2 −

β

2
𝑝 𝑒1

2𝑏2 < ∞
finite

For iteration 𝑖 > 1

• ሶ𝑉1,𝑖 ≤ −𝛼𝒆𝑖
⊤𝒆𝑖 − 𝑝 𝒆𝑖 𝜽 − ෡𝜽𝑖

⊤
𝝃𝑖 − 𝑝 𝑒𝑖 𝑏 𝑑𝑖 − መ𝑑𝑖 − 𝑝 𝑒𝑖 𝑏 φ𝑖||𝑒𝑖||

• ሶ𝑉2,𝑖 =
1

2ρ
||θ||2 − 2θ⊤𝒫θ ෠θ𝑖−1 + ||𝒫θ ෠θ𝑖−1 ||2 + 𝑝 𝑒𝑖 ൣ

൧

θ −

𝒫θ ෠θ𝑖−1 − 𝑝 𝑒𝑖 ξ𝑖
⊤
ξ𝑖 −

ρ

2
𝑝 𝑒𝑖

2||ξ𝑖||
2

• ሶ𝑉3,𝑖 =
1

2β
ቂ

ቃ

𝑑𝑟
2 − 2𝑑𝑟𝒫 መ𝑑𝑖−1 + 𝒫 መ𝑑𝑖−1

2
+ 2β𝑝 𝑒𝑖 𝑏𝑑𝑟 −

2β𝑝 𝑒𝑖 𝑏𝒫 መ𝑑𝑖−1 + β2𝑝 𝑒𝑖
2𝑏2

Finite term 𝐶1

ሶ𝐸𝑖 𝑡 ≤
𝐶1
2ρ

+
𝐶2
2β

< ∞
Finite term 𝐶2 ሶ𝐸𝑖 𝑡 < ∞ ∀𝑖 ∈ 𝑁
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Sketch of Stability Analysis

Part II: Boundedness of  𝐸𝑖 𝑡 and Finiteness of 𝐸𝑖 𝑡
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Sketch of Stability Analysis

Part III: Convergence of State Tracking Error and Boundedness of System Output
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lim
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• positiveness of 𝐸𝑘(𝑇)
• finiteness of 𝐸1(𝑇)
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2
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Compare Case 1:ε𝑏 𝑡 = 1.1𝑒−1.5𝑡 + 0.1 

Case 2:ε𝑏 𝑡 = 1.2

𝒌 𝜸 ρ 𝛽 ҧ𝑑 തθ𝑙
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Simulation Result
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* Li, W., Chen, Y., Desbrun, M., Zheng, C., and Liu, X.(2020). Fast and scalable turbulent flow simulationwith two-way coupling. ACM Transactions on Graphics,39(4)

𝑥0 0 ≜ 𝑥1,0 0 , 𝑥2,0 0
⊤
= 0.4, 0 ⊤

𝑥𝑟 ≜ 𝑥1,𝑟 , 𝑥2,𝑟
⊤
= 0.4𝑐𝑜𝑠

𝜋

2
𝑡 , −

𝜋

5
sin

𝜋

2
𝑡

⊤

, t ∈ 0,4

• Plant parameters
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Iteration=12 Iteration=20Iteration=16

Iteration=0 Iteration=8Iteration=4

Simulation Result
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* Li, W., Chen, Y., Desbrun, M., Zheng, C., and Liu, X.(2020). Fast and scalable turbulent flow simulationwith two-way coupling. ACM Transactions on Graphics,39(4)
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