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Problem Formulation

Motivation

repetitive system

safety-critical
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Problem Formulation

Motivation

How to utilize the repetitive operation pattern and guarantee the safety-critical requirement?

repetitive system

safety-critical

Manipulator
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Problem Formulation

disturbances

Xy ;= xp;(t)
%2, (8) = () TE(x;(0)) + b(u;i (D)
yi(t) = xq1;(t)
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Problem Formulation

?i(t) b:i—l(t) disturb
d(x;,t) d(x;_1,t) Isturbances
X1, = X2, (t)

+
%2, (8) = () TE(x;(0)) + b(u;i (D)

X; (t) Vi (t) = xl,i(t)

Control Objective:

Find {u;};en such that x;(t) converge to x,.(t) without violating the constraints |y;(t)| < k,(t), i.e.

lim x;(t) = x,(¢)
[—00
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Problem Formulation

X1, = X, (t)
x%21(6) = () T&(x;(0) + b(u(t) + d(x;, 1))
Yi(t) = xq,;(t)
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Problem Formulation

Reference model

JE:1,i = xz,i(t) xl,r(t) = xz,r(t)
x%21(6) = () T&(x;(0) + b(u(t) + d(x;, 1)) xX2,(0) = 0()TE(x, () + b(ur () + d(x,,1))
yi(t) = xq,;(t) Vr(t) = x1,-(t)

* (A.1) There exists u,(t) that satisfy the reference model such that |y,.(t)| < &,.(t) holds

* (A.2) The alignment condition: x;(0) = x;_,(T) and x,.(0) = x,_,(T)
e;(0) = x,(0) — x;(0) = x,(T) — x;_1(T) = €;_1(T)

* (A.3) d; £ d(x;,t) is locally Lipschitz continuous by a known bounded function ¢@(x,., x;)
|d(x7'l t) - d(xi, t)l S (P(xr; xi)le - xil

* (Ad)d(x;,t)and ©; = [0, 0,;, -, em,i]Tare bounded, i.e. |8, S 0, k=12,--,mand |d;|syp < d;

su
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Control law
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Control Law

tan-type BLF

Yangyang Zhao, Heng Zhang, Xiaopei Liu, Yang Wang 2023 - 22nd IFAC World Congress, Yokohama, Japan 8/25



Control Law

Ila‘/bll
a 1l|

up ==t yey; + [x2r§ 0/%] — d; + sign(p(e)b) gl le;|

tan-type BLF

—> €1
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Control Law

”aVb i E AT
u; = e, +vey; + [x2r: 0;%;| — d; + sign(p(e)b)g;|e;l|

l ' :

Ve | Howtosatisty [y, ()] < ky(t)? |

i [ i safety-critical ~ A.1

E E Select e, (¢) =" \ """" \ “==="1 Ensure

| | > 0 <gp(t) <kp(t) —g(t)
tan-type BLF | | e |

: I —> €1

\—€p Ep '

5 ’ @1 < O]+ ey O] < 80 + 60 < k(0
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Control Law

Control law

simplified SISO system:

X1 = X3
Xz = bv
control input
me; 1
v = k sec? ( )el +ve; +—X; 1
2¢€2 b
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Control Law

Control |avy |

aVb l i
u; = ! ae + YQZL + - [xz T OTEL] d + Slgn(p(el):b)(lee ||
1 1,l : ------
simplified SISO system: Error dynamics:
. 2
X1 =X , e
x; _ b12) é = Ase + B{—bk [sec2 <2—€%> — 1] e}
control input —
me? 1 L 0o 17 .
v = k sec? Zsb €1+Y€2+bxzr | As = bk —byi’Bz[Ol]
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Control Law

Control |avy |

aVb l i
u; = ! ae + YQZL + - [xz T OTEL] d + Slgn(p(el):b)(lee ||
1 1,l : ------
simplified SISO system: Error dynamics:
. 2
X1 =X , e
x; _ b12) é = Ase + B{—bk [sec2 <2—£%> — 1] e}
control input —
me? 1 L 0o 17 .
v = k sec? Zsb €1+Y92+bxzr | As = bk —b :,B=[01]

ESymmetric positive | 5“““151'1“'13;; """"" Q11Q12
- definite matrices o P, pzzl' = 10., sz]
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Control Law

Control law

oV,
u; =

1. = =
+yeto [%2 — 0] %] — d; + sign(p(e)b) ;| |e;]|

ael’i
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Control Law

Control law

| il |

1., ~ ~ o
+ Y€z + 7 [Xor — 08| — di + sign(p(e)b) gy le;||

\ A3 Idr - dil < (P(xr;xi)lxr — X E

__________________________________________

oV,
u; =

ael’i
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Control Law

Control law

oV,
u; =
' 681’1-

1, _ . =
tveyit 4 %2, — 8] &;| — d; + sign(p(e;)b)g;l|e;]|

\ A3 |dr - dil < (P(xr;xi)lxr — X E

__________________________________________

Adaptive law:

0; = Po(0;—1) —pp(e))E; By =0

d; = Pa(di—1) — Bp(e)b Tdo =0
o _ Po(0;) = [Po(81:),+, Po(Om)]
Projection operations:
|§l,i| < e_li
sign(Hl,l-)Hl, |91’i| > Hl,

?e(él,i) = { Lo
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Control Law

Control law

Wy, 1
Ui = 681’1-

Adaptive law:

o _ Po(6;) = [?9(61,i);'°':-17;(;(ém,i)]T
Projection operations:

~

~ 91 i) |§”| < e_l;

j) e . — ’ ~ = A ' 2) B 1, ’
9( “) { sign(Hl,i)Qz, |91,i| > 61, ;
? d — l ~ = 3 L 7 l

d( l) { Sign(di)di' |dl| > dl
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Control Law

Control law

_ 0y Lo oy o

Adaptive law:

; = ?G(Gi—l) lpp(el)tl
Ti=Pal)beh  dom0 BTt

Po(0,) = [Po(81), - Po(Bms)]"

Projection operations:

~ 01,1, |§li| <0,
:’}) e ) = ’ ~ = A ' 2)
e( l,l) Sign(@u)gb |91,i| >0y,

Pa(d;) =

d;, |d;| < d;
31gn(d )dl, | |
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SKETCH OF STABILITY ANALYSIS



Sketch of Stability Analysis

For system that meets Assumptions A.1-A.4, the control law and the adaptive learning laws guarantee that
1. lim ||e;(¢)|| = 0, Vt € [0, T]
1—> 00

2. |eri(0)] < ,(0), then |e, ;(O)| < &,(t) Ve € [0,T], i = 1,2,
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Sketch of Stability Analysis

For system that meets Assumptions A.1-A.4, the control law and the adaptive learning laws guarantee that
1. lim ||e;(¢)|| = 0, Vt € [0, T]
1—> 00

2. |eri(0)] < ,(0), then |e, ;(O)| < &,(t) Ve € [0,T], i = 1,2,

2 T T
i AT 3 :
g(e;) = [ez,i; —bk sec (Zl ) €1, — byez,i] , fe) = l0, —(6-8;) §—b(d; —d;) - Slgn(p(ei)b)bq)i”ei”]

2
b

é; = g(e;) + f(e;)
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Sketch of Stability Analysis

For system that meets Assumptions A.1-A.4, the control law and the adaptive learning laws guarantee that
1. lim ||e;(¢)|| = 0, Vt € [0, T]
1—> 00

le1:(0)] < £,(0), then |e, ;(O)| < &,(t) Ve € [0,T], i = 1,2,

. = g(e;) + f(e;)
ge) = [eas, bk sec (52 er = byes, | f(el)—[o ~(6-8) "5~ b(d; — &) - sign(p(eb)bayllerll]

non-negative barrier composite energy function (BCEF)

Ei@®) =V +Vy; + V3,

2
2¢;,

2
vl,i=k—tan<1;"’€gl> =—j (0—8) (0=8,)dv; Vs, = zsf (@)

b

Tt
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Sketch of Stability Analysis

Part I: Difference of BCEF

AE;(T) = E{(T) — E;_1(T) = AV, ((T) + AV, ;(T) + AV3;(T)

_______________________________________________________

l (0-80)70-02) > (0-7u(02)) (0-7o(6r) |

(dr — diy)? = (dy = Pudir))
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Sketch of Stability Analysis

Part I: Difference of BCEF

AE;(T) = E{(T) — E;_1(T) = AV, ((T) + AV, ;(T) + AV3;(T)

l (0-8) (0 8i) 2 (0~ 70)) (0~ 7o(Br))

_________________________________

T T T T
A AT n
AV (T) < —f ae; e; dT—f p(e;)(6-19;) EdT—f p(e;)b(d; — di)dt_f |p(e))bl@; |e;|dt
0 0 0 0

L AV(T) < f p(e)(0-8,) g d
: 0

. p(e)b(d, —d;) :
- < |p(eblld(x,, t) —d(x;, )| |

1
1
1
T 1
1
I
!

AV, (T) < j p(e)b(d, — 4,)dx
0
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Sketch of Stability Analysis

Part I: Difference of BCEF

AE;(T) = E{(T) — E;_1(T) = AV, ((T) + AV, ;(T) + AV3;(T)

l (0-8) (0 8i) 2 (0~ 70)) (0~ 7o(Br))

____________________________________________________________

T T T T
A AT n
AV (T) < —f ae; e; dT—f p(e;)(6-19;) EdT—f p(e;)b(d; — di)dt_f |p(e))bl@; |e;|dt
0 0 0 0

T
AE;(T) < —J ae; e; dt
0

L AV(T) < j p(e)(0-8,) g d
: 0

. p(e)b(d, — d;) :
. < Ip(e)blld(xy, t) — d(x;, )]
E;(T) is monotonically

T ~ E decreasing along iteration axis
AV < [ pledb(dy - &)d ,-
0
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Sketch of Stability Analysis

Part Il: Boundedness of E; (t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + V3,i
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Sketch of Stability Analysis

Part Il: Boundedness of E; (t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + Vs,i

For iterationi = 1

V1,1 < —aefel —p(e)(0 + P(e1)§1)TE1 —p(e)b(d; +p(ey)b) —

. 1=
Vo < 551817 + S pkeD)? (8117 + ple)%: 0

____________________________________________________________________________

Va1 < 30k + Ep(en)?b? + plen)bd,
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Sketch of Stability Analysis

Part Il: Boundedness of E; (t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + Vs,i

For iterationi = 1

V1 1 < —aefe; —ple)(® + P(e1)§1)TE1 —p(ey)b(d; + p(ey)b)

Vy1 < 1_9:| 31)2|E1|2 + P(31)E1

____________________________________________________________________________

Va1 < 30k + Ep(en)?b? + plen)bd,

For iterationi > 1

Vs = —B dz _2d, ?(dl 1) +?(dl 1) + 2PBp(e; )bd

ZBp(el)b?(dl 1) + sz(el)zb
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Sketch of Stability Analysis

Part Il: Boundedness of E; (t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + Vs,i

For iterationi = 1

Vig < O(31 e; —p(e)(® + P(e1)§1)TE1 —p(e)b(d; +p(ey)b) —

Vy1 < 1_9:| 31)2|E1|2 + P(31)E1

____________________________________________________________________________

Va1 < 30k + Ep(en)?b? + plen)bd,

For iterationi > 1

Vii < —aele; —p(e;)(0—9;

U = FJueuz - zeT?e(el 1) ¥ ||fPe(el DIF] +p(el>[e =

L c, C : ,
Vgl——B dz—Zd?(dl 1)+?(dl 1) +2[3p(e)bd | = =20 “ E;(t) <o VieEN

ZBp(el)b?(dl 1) + sz(el)zb
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Sketch of Stability Analysis

Part Il: Boundedness of E;(t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + V3,i

__________________

E;(t) < oo te[o,T] |

E;(0) = Vy1:(ei(0)) < o0
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Sketch of Stability Analysis

Part Il: Boundedness of E;(t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + V3,i

__________________

Ei(t) < oo te[0,T]
' ' the boundedness of E;(t) and Vy ;(t)

E;(0) = Vy1:(ei(0)) < o0
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Sketch of Stability Analysis

Part Il: Boundedness of E;(t) and Finiteness of E;(t)

E(t) = V1,i + Vz,i + Vs,i

E;(t) < o
the boundedness of E;(t) and Vy ;(t)

E;(0) = V1,(e(0)) < oo

le1:(8)] < &5(8) VE € [0,T],i = 1,2,
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Sketch of Stability Analysis

Part I11: Convergence of State Tracking Error and Boundedness of System Output

k
Jim Ey(T) = E:(T) + Zz AE;(T)
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Sketch of Stability Analysis

Part I11: Convergence of State Tracking Error and Boundedness of System Output

k
Jim Ey(T) = E:(T) + ZZ AE;(T)

AE;(T) <0

k
T
Ilim E.(T) <E{(T) — Ilim zj aele; dt
—00 —00 ¢ 0
i=2
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Sketch of Stability Analysis

Part I11: Convergence of State Tracking Error and Boundedness of System Output

k
Jim Ey(T) = E:(T) + Zz AE;(T)

AE;(T) <0

k
T
Ilim E.(T) <E{(T) — Ilim zj aele; dt
—00 —00 ¢ 0
i=2

* positiveness of E (T)
 finiteness of E;(T)

ud T
,gggoZLaneidwo B i e, (0] = 0, ve € [0,7)
=2
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SIMULATIOM RESULT



Simulation Result

Numerical Example

“ = N
Plant parameters %0(0) 2 [x10(0), %25 (0)] [ g ]
.
xr 2 [xq, xz,r]T = [sin (g t) gcos (gt ] ,t €10,12]
N b = 0.897 Y
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Numerical Example

Simulation Result

. m U )
T\ T T \1"
xr 2 [xq, xz,r]T = [sin (E t) - €os (at ] ,t €10,12]

\_ b = 0.897 Y
: : 0

Parametric uncertainty 1t 1t . T

0(t) = ll.Zsign (sin (? t)) , 1.2sign (sin (? t)) , 1.2sign (sin (? t))]
\_ [xll'xll’xll] J
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Simulation Result

Numerical Example

. m U )
T\ T T \1"
xr 2 [xq, xZ,T]T = [sin (E t) - €os (Et ] ,t €10,12]

\_ b = 0.897 Y
: : 0

Parametric uncertainty o 1t . T

0(t) = ll.Zsign <sin (? t)) , 1.2sign <sin (? t)) , 1.2sign (sin (? t))]

\_ [xll'xll’xll] J
[- External disturbance d; =0.2 sin(xl,l-) + 0.2 sin(20mt) ]
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Simulation Result

Numerical Example Result

Compare Case 1:g,(t) = 1.1e7 15t + 0.1
Case 2:g,(t) = 1.2
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Simulation Result

Numerical Example Result

Compare Case 1:g,(t) = 1.1e7 15t + 0.1
Case 2:g,(t) = 1.2

A/

= 6 8 10 12
Times, tseconds] Times, t/seconds]

gp(t) = 1.1e 15t + 0.1 e,(t) = 1.2

—
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Simulation Result

Numerical Example Result

Compare Case 1:g,(t) R L = ey
Case 2:¢,(t) : 2 4 01 0.1 2 4 0f \ BTy '

A/

4 6 8 10 12

RMS(||e,||)
o
H <N

—

1 3 & 7 9 11 13 15 17 19 21

[teration,

~.

—e(t) = Lle " 1 0.1
—E) = l.)

Times, t/seconds] Times, tseconds] 0.8
e,(t) = 1.1e~ 15t 4+ 0.1 e, (t) = 1.2 208
— 0.4

0.2

1 3 5 7 9 11 13 15 17 19 21

[teration, i
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Simulation Result

High Fidelity Simulation*

 Plant parameters x(0) 2 [xl,O(O),xz,O(O)]T =[0.4, 0]T
T T T T \1"
X, & [xl'r, xz'r] = l0.4cos (E t), —gsin (E t)] ,t €10,4]

*Li, W., Chen, Y., Desbrun, M., Zheng, C., and Liu, X.(2020). Fast and scalable turbulent flow simulationwith two-way coupling. ACM Transactions on Graphics,39(4)
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Simulation Result

High Fidelity Simulation

Iteration=0 Iteration=4 Iteration=8

Iteration=12 Iteration=16 Iteration=20
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High Fidelity Simulation*

Simulation Result

=20

Itera

_ High Speed (a)

10| = )
g === lItera=0 "
6 —-— Itera=20 ,'n|

"5 4 v’i' IA\

g— 21 '_’/’_‘v b(\\\,,\
OV’"M"‘" il v e
-2 ‘\‘j \
=4 .\I\T‘
—% 1 2 3 4

time [s] (b)

— desired

0.2 -=- ltera=0
0.0 —-= |tera=20
-0.2
-0.4 —
0 1 2 3

time [s] (¢)

*Li, W., Chen, Y., Desbrun, M., Zheng, C., and Liu, X.(2020). Fast and scalable turbulent flow simulationwith two-way coupling. ACM Transactions on Graphics,39(4)
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CONCLUSION



Conclusion

Advantages:

v The plant model has time-varying output constraint

v' Parametric and unstructured uncertainties are both time-varying and state-dependent

v' Guarantee the asymptotic convergence of the states to their desired values
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Conclusion

Advantages:

v The plant model has time-varying output constraint

v' Parametric and unstructured uncertainties are both time-varying and state-dependent

v' Guarantee the asymptotic convergence of the states to their desired values

« Simple second-order system
« Without state constraints

Future Research Direction:

» Extension of high-order MIMO systems
» state constraints

» Applying to practical systems
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THE END



